Abstract. We give examples of direct products of three hyperbolic groups in which there cannot exist an algorithm to decide which finitely presented subgroups are isomorphic.
In [1] Baumslag, Short and the present authors constructed an example of a biautomatic group G in which there is no algorithm that decides isomorphism among the finitely presented subgroups of G. The group G was a direct product of a certain (word) hyperbolic group H with an HNN extension B of H; the group B was CAT(0) and biautomatic but not hyperbolic. At the time of writing [1] we were unable to construct, more simply, a direct product of hyperbolic groups in which the isomorphism problem for finitely presented subgroups was unsolvable.
In the course of our project on finiteness properties of subdirect products [7] , we uncovered a new criterion for the finite presentability of certain semidirect products (see Section 2) . That, combined with an improved understanding of subgroups of direct products, has enabled us to prove the following result:
be an exact sequence of groups. Suppose that (1) Γ is torsion-free and (word) hyperbolic, (2) K is infinite and finitely generated, and (3) L is a non-abelian free group.
If F is a non-abelian free group, then there is no algorithm to decide which pairs of finitely presented subgroups of Γ × Γ × F are isomorphic.
In more detail, there is a recursive sequence ∆ i , where i = 0, 1, . . ., of finite subsets of Γ × Γ × F together with finite presentations ∆ i |Θ i of the subgroups they generate such that there is no algorithm to determine whether or not
An example of such a group Γ is given, for instance, by applying the construction of Rips [14] to a non-abelian free group.
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The crucial element of undecidability in Theorem 1 comes from an encoding of the fact that the generation problem for a direct product of non-abelian free groups is undecidable.
It is possible to avoid using the criteria we develop for finite presentability of certain semidirect products by appealing to recent deeper results of Mosher and others as discussed in Section 4.
A criterion for finite presentability
Recall that a subgroup H of a direct product A × B is termed a subdirect product if its projection to each of A and B is surjective.
We discovered the following criterion in the course of our project on finiteness properties of subdirect products [7] . It is based on the special case proved in Lemma 2.3 of [5] .
Proposition 2. Let K 1 and K 2 be finitely generated groups. Let L 1 and L 2 be finitely generated free groups and let φ i : 
Choose a finite presentation X | Y for F . For each i = 1, 2, let U i consist of words x −1 bxγ −1 where b ∈ B i and x ∈ X and where the γ = (φ i (p(x)))(b) are words in B i . It follows that
(This is the point at which we are using the fact that the image of F is a subdirect product of L 1 × L 2 .) Let V i be the (finite) set of words cρ −1 . Applying a simple Tietze transformation, it follows that
is also a presentation for (K 1 × K 2 ) Φ F since the added relations V i say that the added generators c ∈ C i are abbreviations for the corresponding words ρ. By construction, the finite sets of relations R i are consequences of the relations in the above presentation. Applying a simple Tietze transformation we can therefore add them to obtain a new presentation
Recall that the relations T i are consequences of the finite set of relations S i ∪ R i . So again applying a Tietze transformation we obtain the finite presentation
This completes the proof of the proposition.
A seed of undecidability
In the published version of his thesis ( [10] , also [9] , page 194, and [11] ), the second author proved that the generation problem for the direct product L × L of two non-abelian, finitely generated free groups is unsolvable. Combining that construction with non-finite presentability results of Grunewald [8] 
It is convenient (though this could be avoided) to recall a bit more detail about these sets of words Λ n . Suppose that L has a free basis c 1 , . . . , c k . The construction of Λ n involves a family of finite presentations of quotients of L of the form Π n = c 1 , . . . , c k |q n,1 , . . . , q n,m−k all having the same set of generators and the same number m − k of relators, the form of which depends on a parameter. The m words in Λ n correspond to the elements
The presentations Π n are chosen so that determining whether the group presented is trivial or infinite is an unsolvable problem. The subgroup generated by Λ n is all of L × L if and only if the group presented by Π n is trivial.
Beginning the proof of Theorem 1. Let F be a free group of rank 1 2m with basis {x 1 , . . . , x m , y 1 , . . . , y m }. If we list the elements of the sets Λ n as say Λ n = {λ n,1 , . . . , λ n,m }, ordered in consonance with (1), then we can define a ho-
Suppose b 1 , . . . , b p generate K. Then, using the detailed notation above, E n is isomorphic to the subgroup of Γ × Γ × F generated by the following set of elements: 1, 1), . . . , (b p , 1, 1), (1, b 1 , 1) , . . . , (1, b p , 1) , 1, y 1 ) , . . . , (1, 1, y m ) }.
Since each Λ n ⊂ L × L is a subdirect product, the groups E n are all finitely presented. Because {x 1 , . . . , x k } projects onto a basis for each direct factor L, the finite presentation for E n given in the proof of Proposition 2 easily simplifies to ∆ n |Θ n = B 1 , B 2 , X|S 1 , S 2 , U n where the S i are fixed and the U n can be written down explicitly using the words q i,j .
Note that E n is a subdirect product of Γ × Γ × F . The structure of E n will obviously depend on Φ n and hence Λ n . If Λ n = Λ 0 = L × L, then one is tempted to say that E n is "obviously" isomorphic to E 0 , since the images of Φ n and Φ 0 are the same. But a little care is needed, since in general a semidirect product G ψ F is determined by the actual map ψ : F → Aut G but not by the set im ψ. The issue here is one of Nielsen equivalence between different generating sets of im ψ. It is to circumvent this difficulty that we took F above to be a free group of rank 2m rather than simply m. This apparent redundancy has been employed so that we can appeal to the following version of Rapaport's Theorem [13] , which is proved is Section 4 of [6] . 
Corollary 5. If Γ ⊂ Aut N , then under the above hypotheses
Proof. Define N φ1 F 2m → N φ2 F 2m to be the identity on N and Ψ on F 2m .
Corollary 6. In the above construction, if
To complete the proof of Theorem 1, we need a method of showing that if Λ n = L × L, then ∆ n |Θ n ∼ = ∆ 0 |Θ 0 . This is accomplished in the next section by considering centralizers of pairs of elements.
Centralizers in full subgroups
If Γ is a torsion-free hyperbolic group, then the centralizer of each non-trivial element γ ∈ Γ is the cyclic group γ , where γ is the maximal root of γ. It follows that if γ 1 and γ 2 are two non-commuting elements of Γ, then the centralizer C Γ (γ 1 , γ 2 ) of the pair is trivial.
Let D = Γ 1 × · · · × Γ n be a direct product of non-cyclic, torsion-free hyperbolic groups. Consider a non-commuting pair of elements x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ) of D. Then for some i, their coordinates x i and y i do not commute. If z = (z 1 , . . . , z n ) commutes with both x and y, then z i = 1 since Γ i is torsion-free hyperbolic. Thus the elements in the centralizer of the pair C D (x, y) all have their i-th coordinates equal to 1, and so
Definition 1.
A subgroup H of a direct product Γ 1 × · · · × Γ n is said to be full if H ∩ Γ i contains a non-commuting pair of elements x i , y i for each i = 1, . . . , n.
Suppose that H is a full subgroup of D. Then the collection Σ of centralizers of non-commuting pairs of elements of H has a finite set of maximal elements, namely the centralizers of pairs x i and y i which are non-commuting pairs in H ∩ Γ i . These maximal elements are exactly the subgroups
will be a maximal centralizer of a non-commuting pair of elements of K.
A set of subgroups of H is said to be characteristic if any automorphism of H permutes the subgroups in the set. Clearly {M 1 , . . . , M n } is also a characteristic set of subgroups of H. Now each of the subgroups H ∩Γ i is the intersection of the n− 1 distinct M j which contain it. It follows that the H ∩ Γ i also form a characteristic set of subgroups of H. From these observations we conclude the following:
non-cyclic, torsion-free hyperbolic groups, then the set of subgroups {H ∩ Γ i } is characteristic, and hence
is a characteristic subgroup.
Applying these considerations to the case H is D itself, we obtain the following: Observe that the corollary is no longer true if either cyclic or finite factors are allowed in the definition of D as a direct sum of hyperbolic groups.
Completing the proof of Theorem 1. We resume the notation developed in Section 2. Since K is an infinite normal subgroup of the non-cyclic torsion-free hyperbolic group Γ, K is non-abelian and so contains a pair of non-commuting elements. The intersections of ∆ n with the first and second factors of Γ 1 × Γ 2 × F (where we have added subscripts to distinguish the factors) are just two copies K 1 and K 2 of K. In particular they are finitely generated.
The intersection of ∆ n with the third factor of Γ × Γ × F is the kernel of
In particular, ker p 0 = F ∩ ∆ 0 is finitely normally generated.
On the other hand, if p n (F ) = Λ n = L × L, then ker p n = F ∩ ∆ n is not finitely normally generated, since Λ n is not finitely presented.
We know from Proposition 7 that {K 1 , K 2 , F ∩ ∆ n } is a characteristic set of subgroups of ∆ n . The foregoing discussion tells us that all three of these subgroups will be finitely normally generated if and
By Theorem 3 there is no algorithm to determine whether or not Λ n = L × L. Therefore, deciding whether or not ∆ n |Θ n ∼ = ∆ 0 |Θ 0 is an unsolvable problem. This completes the proof of Theorem 1. Remark 1. A slight variation on the above proof shows that there is no algorithm to determine which finitely presented subgroups of Γ × Γ × F are abstractly commensurable.
Hyperbolic-by-hyperbolic hyperbolic groups
As mentioned in the introduction, examples of hyperbolic groups Γ as required for Theorem 1 are provided by the well-known construction of Rips [14] . If the subgroup K in the theorem is also finitely presented, then the groups E n are visibly finitely presented without appeal to Section 1. In this section we describe short exact sequences of torsion-free non-elementary hyperbolic groups, thus animating Theorem 1 with additional examples.
First we describe Mosher's examples [12] . Let S be a closed hyperbolic surface, pick a base point p ∈ S and let Σ = π 1 (S, p) be the fundamental group. Let MCG(S) denote the mapping class group of S (isotopy classes of self-homeomorphisms) and let MCG(S, p) be the mapping class group of S punctured at p. The kernel of the natural map MCG(S, p) → MCG(S) is generated by homeomorphisms that drag the puncture p around a simple closed loop in Σ and are the identity off a neighborhood of the loop. This description gives an obvious identification of the kernel with Σ. Thus we have a short exact sequence
Thurston shows that the action of any pseudo-Anosov element φ ∈ MCG(S) on the boundary of Teichmüller space has two fixed points. One says that a set of pseudo-Anosov mapping classes is independent if the fixed point sets of its elements are disjoint. It is not difficult to construct arbitrarily large independent sets of pseudo-Anosov mapping classes. Hyperbolic groups of the form Γ = F F , with F free, have been constructed by Bestvina, Feighn and Handel in analogy with the above construction [3] . Brady and Miller [4] have shown that such groups arise as the fundamental groups of certain compact, negatively curved 2-complexes X. In this case Γ × Γ × F is the fundamental group of Z = X × X × Y , where Y is a compact metric graph. In the product metric Z is non-positively curved in the sense of A. D. Alexandrov, and we can therefore recover Theorem B of [1] .
